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Semiclassical pseudodifferential operators

In what follows we will study “semiclassical” PDE (i.e. those with a small
parameter h, “Planck’s constant” or the semiclassical parameter). Given a linear
semiclassical differential operator

P(h) = aa(x)(hD)"
we can define its symbol ) an(x)&{* which is a polynomial in §&. We want an

inverse to the map that sends operators to their symbols.

Definition (Definition 4.1.1, “Semiclassical Analysis™)
Given a € C°(T*R"), we define its standard semiclassical quantization by its
action on v € CZ5.,(R"):

comp

a(x, hD)u(x) = (27h)~" / /T el uly) dy d.

We call a(hD) a semiclassical pseudodifferential operator and a its full symbol.
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Semiclassical pseudodifferential operators

Semiclassical correspondence

Let a € C°(T*R"). Then we can think of a as a classical observable, so a(x, &)
describes some property of particles with position x and momentum ¢&.

Its quantization is a quantum observable; it acts on wavefunctions u with the
property that (a(hD)u(h), u(h)) is the expected value of the observable. As

h — 0 and supp u(h) shrinks down to (x, &), (a(hD)u(h), u(h)) — (x,€), at least
in principle.

In particular, while it is not true that a(hD)b(hD) = (ab)(hD), we at least have:

Theorem (correspondence principle; Theorem 4.12, SCA)
Let a#tb be the full symbol of ab(hD) and {-,-} the Poisson bracket; then

a#b — ab = %{a, b} + O(h?)

in Schwartz seminorms, as h — 0.

The intuition is that h{:,-} “looks like a commutator” as h — 0.
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Semiclassical pseudodifferential operators

Order of a differential operator

Definition (approximately Definition 4.4.1, SCA)

The Hérmander symbol class S* is defined to consist of those a € C>°( T*R")
such that for every £, € N,

sup  [9;0}a(x,€)| S (€)F.

(x,6)eT*R"

If a € Sk we write a(hD) € WX and say that a(hD) has order k.

Theorem (Calderdn-Vaillaincourt; Theorem 4.23, SCA)

A pseudodifferential operator is bounded on L? iff its order is < 0.

Corollary (Theorem 4.18, SCA)
If ac Sk and b € S™ then a#b € Sk+m.

y
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Semiclassical pseudodifferential operators

More useful facts

Theorem (sharp Garding inequality; Theorem 4.32, SCA)

Assume that a € S° and a > 0. Then if h is small enough,

(a(hD)u,u) Z —hl|ul|Z.

Definition (Definition 4.7.1, SCA)

A pseudodifferential operator a(hD) of order m is elliptic if one has

|a(x, E) Z I€]™

Corollary (elliptic parametrix construction; Theorem 4.29, SCA)

Elliptic operators are invertible modulo negative-order operators.
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Basic setup

Fix n odd, V € CZ,,(R" — R), g a Riemannian metric on R" such that g;; — §;;

comp
has compact support. When working with g we will use Einstein notation.

Definition
The semiclassical Laplace-Beltrami operator on (R", g) is the semiclassical
pseudodifferential operator fh2Ag with symbol

€2 = g¥(x)&;.

Let
P(h) = —h*Ag +V

be the semiclassical Schrédinger operator. It follows that P(h) is a semiclassical
blackbox Hamiltonian, so the resolvent R(z, h) = (P(h) — z)~! admits a
meromorphic continuation to C.

The physical interpretation: “gjj — d;; has compact support” means that “gravity
is irrelevant near infinity” and “h is small’ means that “quantum effects are
approximately negligible” .
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Basic setup

Resonance expansions

Question

When do solutions u of the semiclassical wave equation —h?>D?u = P(h)u admit a
resonance expansion as h — 07

Recall that we proved that solutions of potential-scattered wave equations
admitted resonance expansions by constructing pole-free regions of the
Schrédinger resolvent R(h).

Question

For which half-strips [, 8] x i[—v(h),o0) in C are there no poles of R(h) in the
semiclassical limit h — 07
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Basic setup

Resonance-free regions

Definition
P has a resonance-free region of size v in the energy range [«, 5] if there are
d, ho > 0 such that for every h < hg, every cutoff x, and every

z € [o, B] x i[—v(h), o),

IXR(z, h)x|] 122 Sy h™°.

If P has a resonance-free region of size v then R(h) is holomorphic on
[ar, 8] x i[—v(h),o0) and hence there are no resonances A with
A2 € [, B] x i[-v(h), ), hence the terminology.

Question

Suppose that P has a resonance-free region of size v. What is the behavior of
v(h) in the semiclassical limit h — 0?
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Hamiltonian dynamics

Let )
p(x, &) = €5 + V(x) = g7(x)&& + V(x)

be the symbol of P. We introduce the Hamilton vector field

0[¢)? ~oV(x
-5 £, - 2405

which gives a Hamiltonian flow t — exp(tH,),

(x(1), £(t)) = e (x(0),£(0))

on the cotangent bundle T*R". Fix ry > 0 such that gjj(x) — dji(x) = V(x) =0 if
|X| > 0.
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Hamiltonian dynamics
The trapped set

Recall that p is the symbol of a Hamiltonian. So if (x,£) € T*R" we view p(x, &)
as the (classical) energy of a particle at position x and momentum &. The energy
is invariant along any trajectory of Hp.

Definition

Let (x(t),&(t)) = et (x(0),£(0)) be a trajectory of H,. We say that (x, &)
escapes at time +oo if |x(t)| — oo as t — +oo. The tail [T is the set of
trajectories that do not escape at time +oo.

We say that a trajectory (x,&) is trapped if (x,§) e K=TtNTI".

We write I'jE =T*npi(J)and K, = I'jr NI for the set of trapped trajectories
in an energy range J. Here J can be a real number or a set of real numbers.
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Hamiltonian dynamics

Physical interpretation

Suppose that u(h) = u(h,0) is a wave packet that is microlocalized to (x,§), in
the sense that ||u(h)||;2 = 1 and there are symbols x(h) such that
supp x(h) C T*R" shrinks down to (x,£) and

(1 = x(hD, h))u(h) = O(h™).

Thus u represents a particle that classically has position x and momentum &.
The dynamics of u are given by the time-dependent semiclassical Schrodinger
equation:

ihdru(h, t) = P(h)u(h, t).

If his small enough, then u(h) stays microlocalized to (x,&) as u(h) evolves
according to the Schrédinger equation and (x, ) evolves according to H,,.

In particular, (x,&) is trapped iff u(h) is — and if u(h) is trapped we might not be
able to give u(h) a resonance expansion.
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Topology of trapped sets

Theorem

I+ is a closed set, and if J C R is compact then K is compact.
K]R\O - {(ng) : r(X7€) < rO}'
IfE € R and Ke = 0, then there is a § > 0 such that Kle—s,e+5) = 0.

Lemma (escape criteria)
Let (x, &) be a trajectory of H,.

If r(x(0),£(0)) > ry, £(0) # 0, and £H,r(x(0),£(0)) > 0 then (x,
Moreover, if £t > 0, then r(x(t),&(t)) > ro and £H,r(x(t), &(t

If (x(0),£(0)) ¢ T'F, then for every tt large enough, r(x(t),£&(t))
+H,r(x(t),&(t)) > 0.

Thus if r(x,&) > ry and £H,r(x, &) > 0 we can view (x,&) as having escaped to
infinity.
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Topology of trapped sets

Proof of escape criteria

Recall from Hamiltonian dynamics that H{;r = 5‘{r.
If r> ro then p(x,&) = |€]3 = £'¢;. Therefore

ol =275
H2r(x, &) = S OXEE) = (€x)*

r(x,€)

In particular ng >0 as long as £ # 0, so Hpr is increasing as t — 0.

But x = 2¢ and £ = 0. So if Hor(x,£) > 0, it follows that (x,§) ¢ I'T.
Conversely, if (x,£) is not a trapped trajectory, then clearly r(x,&) > ry eventually
and eventually H,r > 0. This proves the lemma.
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Topology of trapped sets

Proof of theorem

Lemma

[~ is closed.

To prove the lemma, suppose (x,£) ¢ . Then there is a T > 0 such that

Hor(x(T),&(T)) > 0and r(x(T),&(T)) > ro. These are clearly open conditions
so if we perturb (x, £) this remains true.

But then the converse to escape criteria implies that the perturbation is also ¢ ',
which implies that '~ is the complement of an open set, proving this lemma.
In particular, I'" and hence K is closed.
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Topology of trapped sets

Proof of theorem

Lemma
KR\O - {(X,f) : r(ng) < I’o}-

Suppose that (x, &) satisfies £ # 0 and r(x,£) > ro. (The condition £ # 0 is
equivalent to p(x, &) # 0 since p(x,&) = |€|3 if r(x,&) > ro.)

If Hor > 0 then (x,€) ¢ [~ by the first lemma. Otherwise H,r < 0so (x,§) ¢ I'".
Either way, (x, &) ¢ K. This proves the lemma.

As a consequence, if J C R\ 0, every (x,&) € K| satisfies r(x,£) < rg. This
implies that K is compact.
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Topology of trapped sets

Proof of theorem

To finish the proof of the theorem we just have to show:

Lemma

If E € R and Kg = () then there is a § > 0 such that Kig_s g.5) = 0.

Suppose that there are E; — E and (x;,&;) € Kg,.

If p(x,€) < 0then 0 < [¢3 < —V(x)=0if r(x,&) > ro, so (x,&) is trapped.

Therefore E > 0, so there is a compact J C (0, 00) such that E, E; € J.

By the previous lemma, K is compact, so (after choosing a subsequence if
necessary) we may assume that there is a limit (xo0, {s0) € Ky of the (x;,&;).
Then p(Xoo,&oc) = E.

S0 (Xoos €co) € KE, proving the contrapositive of the lemma.
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Convergence to trapped sets

Theorem (convergence to trapped sets)

Suppose that (x,§) € rf. Then (x,€) — Kg as t — Foo. The rate of
convergence is uniform in compact subsets of I':E.

Corollary

If Ke =0 then TE = 0.

It suffices to prove the theorem for [z by symmetry; since nonpositive-energy
curves are already trapped, we may assume E > 0.

Lemma (compactness)

Let (x,&) € TE, p(t) = r(x(t),&(t)). Then for every t >0,

p(t) < max(ro, p(0)).
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Convergence to trapped sets

Proof of compactness

Lemma (compactness)

Let (x,€) € TE, p(t) = r(x(t),&(t)). Then for every t >0,

p(t) < max(ro, p(0)).

The lemma is obviously true for t = 0. So if the lemma is false in general, then
thereis a T > 0 such that p(T) > ry and p(T) > p(0).

Since p is continuous and [0, T] is compact, let t € [0, T] maximize p. Then
tp > 0, p(to) > 1, yet

Hpr(x(to),&(t0)) = p(to) = 0.

The trapping criteria give (x,£) ¢ '~ since H,r > 0, a contradiction. This proves
the lemma.
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Convergence to trapped sets

Proof of theorem

Theorem

Suppose that (x,£) € [z. Then (x,§) = Kg as t — Foo.

Suppose the theorem fails. Then there are t; — oo and a neighborhood U of K¢
such that (x(t;),&(t)) ¢ U.

By the compactness lemma, the trajectory (x, &) is bounded (and contained in the
closed set 'z ), so we may choose a limit point (xs0, &) € [z of (x(t),£(2)));-
Then (Xs0,&0) & Ke, hence (Xoo,&00) € TT.

Therefore

im r(xo(1), €sc (1)) = 0.

Let T be so large that r(x(T),&0(T)) > max(ry, r(x(0),£(0))).
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Convergence to trapped sets

Proof of theorem

By continuity of the flow,

(x(t = T),&(t; = T)) = (Xo(T): 60o(T))-

But T was chosen so large that

r(%eo(T), &0 (T)) > max(ro, r(x(0),£(0)))-

Thus we can find j so large that

r(x(t = T),&(8 = T)) > max(ro, r(x(0),£(0)))-

This is a contradiction of the compactness lemma which proves the theorem.
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Liouville measures

Definition
Let (X,w) be a symplectic manifold. Let dm be the normalized top exterior power
dm = w"/n! of w. We call m the canonical measure on X.

v

Definition
Suppose that £ € R is an energy and dp|,-1(g) # 0. Then we say that p~X(E) is
a nondegenerate energy hypersurface.

Definition
Let m be the canonical measure on (T*R", d¢ A dx). If p~1(E) is a
nondegenerate energy hypersurface, define a form Lg by

dp ANdLg = dm.

We call Lg the Liouville measure associated to E.
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Poincaré recurrence

Theorem

Let m be the canonical measure on T*R"; then m(T'* \ K) = 0. Similarly, if
p~Y(E) is a nondegenerate energy hypersurface, then

Le(TE\ Ke) = 0.

We can just prove this for p~1(E) because the same proof will work for T*R", and
similarly we may just prove this for [';. There is nothing to prove unless E > 0.
Since H, preserves d¢ A dx, in particular H, preserves Lg. Moreover, the Poincaré
recurrence theorem says that for an invariant Radon measure, almost every
trajectory in a compact set returns to arbitrarily small balls about its initial state
infinitely many times.

So these two results, together with the stated theorem and the fact that Kg is
compact, guarantee that Lg-almost every trajectory in F:,if returns to its
approximate initial state infinitely many times.
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Poincaré recurrence

Proof of theorem

By the compactness lemma, the flow H, carries 'z N {r < ro} into itself. Let
Aj = etHP(I'E N {I‘ < I‘o})

be the image of 'z N {r < rp}) under H, at time j € Z. Then Aj;1 C A;.
We already proved that 'z converges to Kg. Therefore ﬂj Aj = Kg and

Uj Aj=Tg.
Since A; is compact, continuity of measure implies that

,CE(KE) = . ||m ﬁE(AJ)

J—+o0
»CE(I—E): lim CE(AJ)

j——o0

But L is invariant under Hp, so Le(I'z) = Le(Kg). This proves the theorem.
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Resonances in strips

We want to show that given «a, 8, C, for every h small enough, [, 8] x i[—Ch, Ch]
has no resonances z = \.

Let P(h) be a semiclassical black box Hamiltonian on (M, g); then if h is small
enough, the resolvent R(h) meromorphically continues to [, 5] x i[—Ch, Ch].
Definition

Let z be a pole of R(h) and let

J

R(w,h) =" (WBfZ)J. + B,(w)
j=1

be the Laurent expansion of R(h) at z.
A resonant state of P(h) is an element of the image of Bj.

The space of smooth resonant states is finite-dimensional, and if u(h) is a
resonant state then P(h)u(h) = zu(h).
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Complex scaling

Fix 6 € (0,7/2) and r; > ry, and Fy a smooth, convex function on R"” with
Fo =0 o0n B(0,r1) and
Fo(x) = tan|x|?/2
on B(0,2r)°. Let
fo(x) = x 4 i0x Fy(x)
and Mg = fH(R") be the usual totally real submanifold.
Let Ay be the restriction of A (viewed as an holomorphic differential operator) to

g. Introduce the complex-scaled operator Py(h) defined by Py = P on B(0, 1)
and Py(h) = —h?Ag on B(0,r)¢. Then the resolvent

(Py —z)7 1 : [2(Tg) — H?(Ty)

is a meromorphic family of operators, and Py is a pseudodifferential operator.
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Complex scaling

Fiber-radial compactification

Let (M, g) be a Riemannian manifold.
Definition
The coball bundle of (M, g) is the fiber bundle

B*M = {(x,£) € T*M : g¥(x)&:& < 1}.

One has an open dense embedding T*M — B*M by

(x,€) = (le@) .

Definition
Viewing B; M as a compactification of T M, we call B*M the fiber-radial
compactification T M of T*M.
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Complex scaling

Principal symbols

Let M be a smooth manifold, W¥(M) the space of kth-order semiclassical
pseudodifferential operators on M. Let S¥(M) be the space of kth-order symbols
on M, and hS¥(M) those symbols which are O(h) as h — 0.

Lemma (Theorem 14.1, SCA)

There is a unique morphism of algebras

VKM SK(M)
ThGREI(M) T hSk—L(M)

which is the left inverse of the quantization map a + a(hD) modulo hS*=*(M).

Definition

For every Q € W(M), o4(Q) is called the principal symbol of Q.

The symbol of a pseudodifferential operator depends on a choice of coordinates,
but not the principal symbol.
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Complex scaling

The complex-scaled symbol

Lemma (Lemma 6.8, Dyatlov-Zworski)
Let pp = on(Py), and p the symbol of P. Then:
Impy < 0.
For every £ € R, {{€) (s — E) = 0} C p~1(E).

For every 0 < o < f3 there is a 6 > 0 such that for every E € [a, 8] and
x ¢ B(0,r)¢,

[po(x,€) — E| = 6(6)°.

Fix x,&, to < t1, and consider the flow on T R",
Yr = exp(t<§>71HRep9)~
If for every t € [to, t1], e(x,€) € {(€)=21m py = 0} then for every t € [to, t1],

pe(x,€) = exp(t(€) " H,)(x,€).

We omit the proofs.
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Outgoing estimates

Wavefront sets

Definition

Let a(h) be a symbol. The essential support ess supp a of a is the intersection of
all compact sets K such that for every symbol x € S° and every Schwartz
seminorm || - ||,3, if x =0 on K, then

[Ixa(h)|

if such a compact set exists. If ess supp a exists, we say that a has compact
essential support.

a,B = O(hoo)v

The operators a(hD), where a has compact essential support, are exactly those for
which there is a compactly supported symbol x such that the operator seminorms
S — S of (1 — x(hD))a(hD) are O(h*).

Definition

The semiclassical wavefront set WF(a(hD)) of a pseudodifferential operator
a(hD) is defined by WFp(a(hD)) = ess supp a.
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Outgoing estimates

Lemma (Proposition 6.9, D-Z)

Let0<a<fB, C>0,K=]|a,pB] xi[-Coh, Coh]. Let z € K, u € L2(R"). Let
f = (Py — z)u. Then, with constants independent of u,z, h:

For every pseudodifferential operator A with compact support and
WF,(A)N F[fw] =0,

1Aul|2 S Il + Bl 2.

For every pseudodifferential operator B with compact support which is
elliptic in a neighborhood of K, g and h sufficiently small,

lullee S 11Bulliz + Y| f]| 2.

We omit the proof, which uses the previous lemma, elliptic regularity, propagation
of singularities, and the parametrix construction for elliptic operators.
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Nontrapping implies resonance-free regions

Definition (Definition 7.1.1, SCA)

The semiclassical Sobolev norm of a Schwartz function u is

[lullfe = D [1(hD)* u|2.

lal<s

Note that this is just a rescaled version of the Sobolev norm.

Theorem (nontrapping estimate)

Suppose that [a, 5] C (0,00), Co > 0 x a cutoff, and K, 3y = (). Then for every
s>0, h>0small, and z € [a, 8] x i[—Coh, Coh],

(P = 2) ™l e S h7°

IIXR(z, DXl sz S h=t.
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Nontrapping implies resonance-free regions

Elliptic parametrix estimates

We must show that for every f € C, (R"), u = (Py — z)71f, that

comp
ullysrz S Y| Fl kg

By complex scaling, Py — z is elliptic near momentum infinity; that is, if || > 1,
then

[Po(x, &) — Rez| 2 I¢[%.

Let x be a cutoff such that (1 — x(hD))(Ps — z) is elliptic; then there is a
parametrix T of (1 — x(hD))(Py — z); i.e. T is an inverse of (1 — x(hD))(Ps — z)
modulo terms of order —oco. So

(L = x(hD))ullpe2 S ([ Fll1 + h7[ul] 2.
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Nontrapping implies resonance-free regions

Semiclassical Sobolev estimates

Since x(hD) is a frequency cutoff, |[x(hD)ul|p: < |lul|i2 for any t > 0; in
particular, the estimate

(1 = x(hD))ul

w2 S Fllwg + h7ul] 2

implies
ullpere S (11 Hg + [ul] 2.

On the other hand, the previous lemma said that if K[, g = 0 then for any
pseudodifferential operator B of compact support and h small,

lullee < [1Bullz + h=H|F]] 2.
In particular this works if B =0, so
ullysrz S Y| Fl 2

which was to be shown.
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Nontrapping implies resonance-free regions

Cutoff estimates

Finally we must show
[IXR(z, )Xl s g2 S ht.

Lemma (Theorem 4.37, D-Z)
If x is a cutoff such that xV =V and xPy = xP, and Im /ze'® > 0,

X(P—2z)""x=x(Po—z)'x.

Since
1(Po = 2) "Ml e

and we defined /- by Im\/z > 0, we can just take ¢ small enough that
Im/ze >0, and r; so large that xYPy = xP, to apply the lemma and conclude
the claimed result.
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Semiclassical defect measures

Lemma (Thm 5.2, SCA)

Suppose that u(h) are functions, ||u(h)||;2 = 1. Let a € S°(R"). Then there is a
positive Radon measure 1 € Ceomp(T*R")%. and a sequence hj — 0 such that

lim
Jj—oo

(a(hD)u(hy.ulh)) = [ adn

T*Rn

Definition

The measure p is called the semiclassical defect measure that u(h) converges to.

4

Example (Example 5.1.1, SCA)
If u(h) is microlocalized to (x, &) then the unique semiclassical measure of u is
0(x.6):
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Semiclassical defect measures

Proof of lemma; quasimodes

To prove the existence of semiclassical defect measures, let {ax}x C S° be dense
in Ceomp( T*R"). By the Calderén-Vaillaincourt theorem and the
Cantor-Arzela—Ascoli diagonal argument, we can find h; — 0 such that

[ o dn= Jim (a(hD)uth).u(h)

exists and is O(]|ak||L~). By the Riesz-Markov theorem and the sharp Garding
inequality, u is a positive Radon measure, which proves the lemma.

Definition

An e-quasimode for a semiclassical pseudodifferential operator @ is a family of
functions u(h) with [|u(h)||2 =1 and ||Q(h)u(h)||2 < e.

By the lemma, every o(h)-quasimode converges to a (possibly nonunique)
semiclassical defect measure.
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Semiclassical defect measures

Defect measures of resonant states

Theorem (defect measures for resonant states)

Fix an energy region 0 < a < E < B < oo and Gy > 0. Let
K = [a, 5] x i[—Coh, Coh]. Suppose that z(h) € K and z(h) — E. Let u(h) be a
o(h)-quasimode for the operator Py(h) — z(h). Choose h; — 0 such that

Im z(h;)/h; converges, say to v, and that u(h;) converges to a semiclassical defect
measure (1. Then:

suppp C TE.
If U D Kg is open, then u(U) > 0.
IfUC{r<n}isopenandt>0, then

uleH(U)) = (V).

Here the sequence h; exists by compactness of [—Cyh, Coh] and the fact that the
proof of the previous lemma allows us to restrict to a countable set of h's.
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Semiclassical defect measures

Interpretation of theorem

Suppose that E € («, 3).
Let z; — E be a sequence of resonances of P and suppose that there are u; such
that

Po(h;)uj = zu;.

These u; must exist, by general results about blackbox complex scaling, and we
can think of them as perturbations of resonant states.

Passing to a subsequence we may assume that the u; meet the hypotheses of the
above theorem, so converge to a semiclassical defect measure u. It follows that
Kia,g) is nonempty and hence P has trapping at the energy scale [, ], since
#(Kia,5) > O-

Thus this theorem is a partial converse to the previous theorem, which said that if
P satisfied the nontrapping condition K|, g = (), then P had a resonance-free
region at the energy scale [a, §].
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Semiclassical defect measures
Proof of support properties

Lemma

supppu C L.

Lemma (Thm 5.3, SCA)

Let g be a real symbol, let u(h) be a o(1)-quasimode of q(hD), and let i be a
semiclassical defect measure of u. Then supp un C g~ *(0).

We proved that p, '(E) C p~*(E) so it follows that u(p # E) = 0.
If a(h) € C35p(T*R") and ess suppaN T =0, then we proved that

lla(hD)ulli2 < hH|(Po(h) — z(h))u(h)l|i2 + h™.
The right-hand side vanishes since u(h) is a o(h)-quasimode of Py(h) — z(h), so
/ a du = lim(a(hD)u(h),u(h)) =0
T*Rn h—0

so u( T*R"\ I't) = 0. This proves the lemma.
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Semiclassical defect measures

Proof that trapped sets are nontrivial

Lemma

For every open U 2 Kg, u(U) > 0.

Let b(h) € C5,,(T*R") and suppose that b(hD) is elliptic in a neighborhood of
K and that ess supp b C U. We proved the ellipticity estimates

[16(hD)u(h)lli2 2 [Ju(h)lez = hHI(Po(h) = z(h))u(h)||2 2 1

uniformly in h. Taking the limit of ||[b(hD)u(h)||?, = (b(hD)*b(hD)u(h), u(h)),
we conclude that

b2,y = / b(R)P dpu > 1.
T*Rn

But b(h) = O(h*°) off U, so this is only possible if y(U) > 0. This proves the

lemma.
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Semiclassical defect measures

Proof of ergodic properties

Lemma

IfUC {r<n}isopen, t>0,Imz(h)/h— v, then u(e~t(U)) = e*tu(UV).

Let x be a cutoff which neglects complex scaling, thus xFs = 0 (so xPy = xP).
Since u(h) is a o(h)-quasimode of Py — z, it is also a o(h)-quasimode of
X(Pg — Z).

Lemma (Thm E.44, D-Z)

Let Q € W(R"), g = on(Q) real, and u the semiclassical defect measure of a
o(h)-quasimode of Q. LetIm Q = (Q — Q*)/2i and a € CZ,,,(T*R"); then

comp

/ Hga dp = —2(a, Uh(h_l Im Q)>L2(/L)'
*M

This result generalizes Thm 5.4, SCA, which says that if g is a real symbol then
the semiclassical defect measure of a o(h)-quasimode of g(hD) is Hg-invariant.

Aidan Backus Resonance-free regions | July 22, 2020 41 /42



Semiclassical defect measures

Proof of ergodic properties Il

We apply the lemma with g = o,(P(h) — Rez(h) — ivh).
Here

lla(hD)u(h)lli2 = || 1m 2(h) — ivhl]i2,12 + o(h) = oh)

since u(h) is a o(h)-quasimode of P(h) — z(h) and Imz(h)/h — v.
Thus for every a € CZ5,,,(B(0, r1)) (which is p-almost preserved by H), since H,
sends £ N B(0, 1) to itself, and y is supported in L),

—a du = / adp.
re 2 rt

But this means that

+
e

aoett dy = 62”/ a dpu.
re

Taking a — 1y for some U open we see the lemma and hence the theorem.
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